I. INTRODUCTION
Critically ill patients admitted to the ICU often display hyperglycaemia and insulin resistance associated with adverse outcomes, which can result in increased morbidity and mortality [1] . Tight glycaemic control (TGC) can reduce these adverse outcomes [2] , [3] , as well as reducing economic costs [4] . Hence, TGC using model-based methods has become an active research field [5] . The best known model is the minimal model of Bergman [6] . However, the model's simplicity is a disadvantage, as significant components of glucose-insulin interaction are neglected. Consequently, different models were derived from the minimal model, trying to generalize / extend the validity for the ICU case [7] , [8] , [9] . The nonlinearity in each of the models represents specific control aspects, but the applied control strategies are usually developed for their linearized (i.e. working point based) versions.
The current paper investigates this aspect in terms of differential geometric approach [10] . Exact linearization can be applied by corresponding coordinate transformation. Hence, the validity of linear controllers can be extended from the neighborhood of a working point to a larger subset of the state-space bounded by specific constraints. This approach might not increase the performance of the controllers to a great extent, but the reliability of tight glucose control can directly affect the quality of life of an ICU patient. The applied methodology is combined with optimal LQ method and the efficiency of the controller is demonstrated on real input data recorded in actual clinical environment.
II. ICU MODEL
The clinically validated model of [7] is basically a generalization of the Bergman minimal model [6] . It better captures insulin losses to the liver and kidneys, and saturation dynamics through the use of Michaelis-Menten functions. The parameters of the model have been identified to a wide range of patients. Below, we summarize the model equations. Numerical values can be found in [7] .
The states of the system are:
 G is the deviation of plasma glucose concentration (mmol/L) from equilibrium level (G E );  I represent the concentration of plasma insulin resulting from external input (mU/L);  Q is the concentration of insulin bounded to interstitial sites (mU/L); Regarding the inputs of the system, P represents the glucose input through enteral feeding (mmol/min), while u ex is the intravenously administered external insulin (mU/min).
Regarding system-parameters, p G is the endogenous glucose clearance; S I the insulin sensitivity; α G the insulin dependent glucose clearance/insulin effect; EGP the endogenous glucose production; V G , V Q and V P glucose distribution volume, interstitial fluid volume and plasma volume with fast exchanging tissues; x L the fraction of hepatic extraction; n K , n L kidney and liver clearance rates of plasma insulin; n I diffusion constant of insulin between compartments; n C cellular insulin clearance rate from interstitium; α I plasma insulin disappearance rate; u en constant endogenous insulin production. Detailed description can be found in [7] .
III. METHODS

A. Exact linearization via feedback
The concept of exact linearization of a nonlinear system via nonlinear state feedback control was introduced in [10] . Consider a SISO nonlinear system in the form: 
Let us assume that the nonlinear system (2) has relative
If for the coordinate mapping:
has a nonsingular Jacobian matrix at x 0 and qualifies as local diffeomorphism in a neighborhood of x 0 . Therefor, we can transform the nonlinear system into a series of n integrators with the following control law:
B. Asymptotic Output Tracking
Instead of forcing the output of a nonlinear system to follow exactly the output of a prescribed reference linear system, it is more realistic to produce an output that, irrespectively of the initial state of the system converges asymptotically to the output of a reference linear system, which is called asymptotic output tracking [10] . Let us have a reference linear system of the form:
Choose this system with a relative degree equal to or higher than the relative degree of the nonlinear system:
then using the control law: 8) we can force the nonlinear system to have the same output for the input w as the series of the linear system (5) and (7) .
If the relative degree of the linear system (5) is higher than the relative degree of the nonlinear system, then
C. Kalman-filter
The main idea of the Kalman-filter is that from the inputs and the outputs of a linear system with known dynamics computes a prediction of the state variables and adds a correction to this prediction based on the deviation of the measured and estimated output [11] .
In our case, both exact linearization and asymptotic output tracking need the values of the state variables. However, in practice the only measured quantity is either the intravenous or subcutaneous glucose concentration. The sensors used in these measurements usually have relatively high noise and a sampling time of 3-5 minutes; therefore, a Kalman-filter is needed to provide adequate state-estimation.
Kalman-filtering has a wide literature. In our case, the algorithm presented in [11] was used.
IV. METHODS
The relative degree of model (1) is equal to the number of states; therefore, the coordinate transformation for both exact linearization and asymptotic output tracking are unequivocally determined. The system has a single output, and as only the intravenously administered external insulin input (u ex ) can be controlled, the system can be considered as a SISO system. The other input (P) can be regarded as a known time-varying parameter. Considering the connections between each compartment, the system can be divided into a subsystem described by last two differential equations of (1) with Q as its output, and another subsystem described by a single differential equation (the first equation of (1)). Hence, it is possible to determine separately the control law for exact linearization and asymptotic output tracking.
The first subsystem is transformed into a series of integrators through exact linearization. The local coordinate transformation determined by the Lie-derivates is a local diffeomorphism regardless of the state variables.
The control law (4) is applicable as long as
The second control law of the controller realizes asymptotic output tracking, and is working with the following nonlinear system:
The local coordinate-transformation for this system is a local diffeomorphism as long as:
The properties of the second control loop are determined in a way that the nonlinear system would track the output of its own steady-state linearization with appropriately fast error dynamics.
To provide the values of state variables for the control laws, an extended Kalman-filter algorithm has been used. The output signal was measured with 5 minute sampling time. The performance of the Kalman-filter is presented in Fig. 1 .
It is also possible, to use exact linearization on the system in the second loop as well and then apply LQ control [11] , on the resulting series of integrators. In this case, the following quadratic cost-function can be used:
Consequently, the following state-feedback vector is obtained:
The output of the nonlinear system with and without using the presented control laws is compared with the series of linear systems determined for the tracking error (7) and the linear system (5) that needs to be followed (Fig. 2) .
For the steady-state linearization of (1) a classical PID controller was implemented to show the advantages of the applied methodology even in case of a low level controller. 
The use of LQ control instead of classical PID clearly presents (Fig. 4) that combination of the nonlinear methodology applied together with linear optimal control can give good performance in the TGC problem in ICU. 
V. CONCLUSIONS
Optimal control of a clinically validated ICU metabolic model from nonlinear control point of view is presented in the current paper. It was demonstrated that combination of the nonlinear methodology applied together with linear optimal control can give good performance in the TGC problem in ICU instead of pure linear model based control.
